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Abstract—The compatibility conditions of elasticity are given a bimetric formulation, based upon
a systematic use of covariant differentiation with respect to the reference configuration. Both three-
dimensional classical elasticity and Cosserat two-dimensional surfaces are considered.

1. INTRODUCTION

The purpose of this paper is to apply the bimetric formulae of differential geometry to
elasticity.

The bimetric standpoint was first introduced by Rosen (1980) in relativistic physics. It
represents the basis on which several alternative theories of gravitational field are founded,
but is not necessarily related to general relativistic universes only. We believe it may be
possible to apply a bimetric approach to some basic formulae of nonrelativistic continuum
theory.

Elaborating those questions we established, in particular, that the bimetric approach
is more direct and that it simplifies the procedure leading to the compatibility conditions.
Also, in the bimetric formulation, the geometric picture of these conditions seems clearer
to us.

2. BIMETRIC RELATIONS

We shall give a brief account of the basic formulae characterizing the bimetric approach
to classical differential geometry.

If a three-dimensional metric, defined by the metric tensor g,,(X”), (4, p,v =1,2,3),
is obtained by the deformation of another metric y,,, expressed with respect to the same
coordinates X", the following relations hold (Rosen, 1980) :

n
{yv} = T+ A% )

R.lpvp =P .luvp +Kf'yvp (2)

where

Tl ) of 09 | G 6y,“)
{yv}_%g <6X“+6X' ax)’

x _ L. 6}',. a'yln a}'uv)
Th="4 (ax""'ﬁ"ax* ’

Afuv = ég“(gtvw + Gt —gpvlz)- 3

R%,, and P%,, are the Riemann—Christoffel tensors corresponding to the metrics g,, and

Yups TESPeCtively ; K2, reads:
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K,”‘uvy = A,‘iyp\v - A.}‘yvlp + A,nupA,/im' - Aj‘yvA.;-mr' (4)

In the above and following formulae, a bar (|) denotes covariant derivatives with

respect to the undeformed metric y,,, ¢ denotes a partial derivative, whereas a semicolon

() denotes a covariant derivatives with respect to the deformed metric g,,. Formulae (1)—
(4) can be directly verified. In accordance with the notation chosen one has

g;lp;v = 0’ ’yuplv = 0- guph' # 0' A/'up:v # 0 (5)

3. DEFORMABLE BODIES: COMPATIBILITY CONDITIONS

In the classical mechanics of continua the undeformed (reference) configuration of a
body &, Ko(X*), K =1,2,3, is the set of points of that body which occupy, at the initial
moment f,, a domain ¥ in E;, bounded by a closed surface &/. The position vector of a
particle is R(X*), where X* are the material (Lagrangian) coordinates, K = 1,2,3. The
deformed configuration K(X*, ) is the set of points of a body # which occupy, at a moment
t, a domain v in E;, bounded by a closed surface a. The position vector of a particle in that
configuration is r(x*), where x* are the spatial (Eulerian) coordinates, k = 1,2, 3.

The square of a line element in the undeformed and deformed configurations are,
respectively,

dSZ = GKL(XM) dXK dxt = ck,(x'", t) d#‘ dx[, (6)
ds? = Cr (XM, ) dX* dXE = g(x™) dx* dx/, @)
where Gy, is the metric tensor in K and Cy, is the Green deformation tensor, which can
be interpreted as the metric tensor of the deformed configuration if one considers X* as
convective coordinates. The tensor g, is the fundamental metric tensor of the deformed

configuration K and ¢, is the Cauchy deformation tensor.
It is convenient to take, instead of Cy, and ¢y, the strain measures E,; and ¢,;, where

2E¢; = Cx—Ggry 200 = qu—cCu- ®

Considering the undeformed configuration K, as an undeformed metric with the

fundamental tensor G, and the deformed configuration as a deformed metric with the
fundamental tensor Cy,, there results from (5):

GKL[M =0, Ckemw=0;, Ggr.u#0, Crum # 0, )]

(1) and (2) now read

K
{ o =rtarat, (10
Rbng = Plunr+ KSnrs an

where we have correspondingly for (3) :

K 0 0 oC
{ }= %CKP( CPM + CLP _ LM>, (CKTCTS = 5§)

LM oxt ~ax™  ox*

0Gpy + 0GLp ‘7GLM)
oxt  ox™ oxt )

Afy = 1C*(Cornr + Crome — Cranp)- (12)

rl,fM = %GKP(
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R%, e and Ph, . are the Riemann—Christoffel tensors of the metrics Cy, and Gy, , respec-
tively, and

K'wr = Aury — Aumir + A% rA%y — Ay Alp. (13)
Further, by (1), one has from (9),:

CKLlM = CSLA;KM + CKSATYLM, Cﬁli = — CSLAfw - CKSA.LJISv (14)
and

CMSIRN - CMSINR = CSQP%RN+ CMQP.QSRA\“ (15)
By (12); it is easy to see that (13) can be expressed in the following form

K.LMNR = 'ZlCLT(CTRIMN + CMN[TR - C‘RMllTN - CTNIRM)

+4CY(CsrP%ng + CusPran) + CLSCQT(ATRSA.%IN —AlsA%R). (16)

The above formula has been simplified by using the Ricci identity.

From the geometrical standpoint the compatibility conditions in the mechanics of
deformable continua are connected with the metric properties of the tensor Cy,. For a
compatible deformation, the Riemann—Christoffel tensor corresponding to the tensor Cy,
is equal to zero, i.e. Cy, is the metric tensor of E;. As PL,\z is be definition null, the
compatibility conditions can, by (11), be written in the form

K‘LMNR =0, (17)
which can explicitly be expressed by (8), (9), and (16) ; that is,

Ergmn+ Evnitr — Ersirn — Erarm
+ C[(Esqir+ Ersir— Erns)(Egmn+ Engiu — Evnig)
—(Esmr+ Ersin— Enns)(Egmir + Ergut — Ernie)]1= 0. (18)

This form is identical to the well-known form of the compatibility conditions for finite
deformation.
In the case of infinitesimal deformations the above relations become

ETR[MN+EMNITR"'ERM|TN_ETN|RM =0. 19)

Itis easy to show that one may obtain, by the use of bimetric formulae, the compatibility
conditions expressed through the Cauchy deformation tensor ¢, or the corresponding
strain measure c¢,.

Application of bimetric formulae allows one to obtain the compatibility conditions of
the generalized Cosserat continuum, using an appropriate expression for the line element.
In this case the compatibility conditions are of the form

Kwe =0, LLM,N,R=1,2,...,6, (20

which is of the same form as in Eringen (1969).

We point out that formula (20) has been obtained only as a bimetric expression of
Eringen’s results. Work on Cosserat’s surfaces in the next section will be based on only the
general formulae of Section 2; this being the consequence of the fact that the differential
geometry of surfaces in Cosserat’s theory is essentially intrinsic.
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4. COSSERAT SURFACES. COMPATIBILITY CONDITIONS

A Cosserat surface is a two-dimensional material surface in E,, with a single deformable
director assigned to every point of the surface.

At the initial moment ¢,, the Cosserat surface € is in its undeformed, reference
configuration. We denote this reference surface by &, its position vector with respect to a
fixed origin by R(6*), (2,8 = 1,2), the assigned director by D(6?), the base vectors by
A,(6%), the unit normal to & by A,(6%) ; 6 being the convective coordinates.

At the moment ¢, the surface € is in a deformed configuration. Let us denote that
surface by s, it position vector by r(6”, 1), the assigned director by d(6”, 1), the base vectors
by a,(6”, 1), and the unit normal to s by az(6”, 1).

Tensors A,; and a,4 are the first metric tensor of the surface & and s, and tensors B
and b,; the second, and so (Naghdi, 1972),

JA 0A, JR
Azﬂ=A1.Aﬁ9 Bzﬂ=—A1;3_6;;=A3'67a Aazﬁy Aa.A3=O’
Oa oa, or
a5 = &, a, b,,,:-—aa'aj'-}=a3'5b7, e = o a,"a; =0. 2y

The directors D and d and the gradient directors D, and d, can be expressed in the form
(Green et al., 1965),

D
D= D,A1+D3A3, d= d,a’+d3a3, (D,a = W)

od
D.at = AﬂzA1+A3aA3’ d,az = lﬂzax+l3aa3’ (d.a = ﬁ) (22)

where A” and a® are reciprocal basic vectors and A; = A® a; = a’, Further,
Aﬁa =D, Ag, A, =D, Ay )»pa =d, * g, Ay =d,-a; (23)
Age = Dg,—ByDs, Ay, = Dy, +BLD,; Ag, = dp,a—bypds, 43, = dy,, +bid,.  (24)
The quantities 4,5, A, A3, D, and Dj;, respectively a.g, 4.4, 43, d, and d,, are
the kinematical strain measures which completely determine the Cosserat surface in the

undeformed, respectively in the deformed, configuration (Green et al., 1965). One may use,
instead, more suitable strain measures of the form

Cap = 3(@p—Aap), Kap = Aip—Ayp, Y. =d—D,
K3y = 131 _ASM Y = d3 —D3' (25)

Let us remark that the quantity #,,, defined by
r’aﬂ = baﬁ - B:ﬂ9 (26)

can be equivalently introduced when considering deformations. These strain measures are
not independent of measures (25), namely, from (24) , ;, (25),3, s and (26), we obtain

Kap = Vxip— (Dr+7x)A%g — Bag73 —Nag (D3 +73) @7

where we have, with respect to (1), made use of the relation
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da; = d:x _dﬂA."a ’ (28)
B 18 B

whereas one obtains from (24), 4, (25);.4 5 and (26),

od
KS: = V311+Bzyv +'1;(D\+r’:(Dv+YV) <d3;z = d3|m = 6_0:) (29)

If we consider the undeformed configuration of € as an undeformed metric space and
its deformed configuration as a deformed metric space, there results by (5)

4, =0, Augy =05 g, #0, Ayg, # 0. (30)

one has by (1)

L3 Qg éa,, Oa, _ 6a,,v)
{pv} 24 <ae~ % o5 )
o4, 04, od
x| g7 v o uv
T =24 (aon t 50 T o )

Afyv = %ant (arvly + aur|v - ayvlr), (3 1)

and (31); can, by (25), and (30),, be expressed in the form
Ai‘v = am(etvly +e[4t|v _epvlt)' (32)

The relations between the covariant derivatives of the second-order tensors read, by (1)
and (31), for the deformed an undeformed metrics, respectively,
Lagsy = Lagy — tepAley — taxA?!ﬁv
12 =18+ 1A%+ 1A
gy = Uy + g% — 13247, (33)

The compatibility conditions for deformations in the Cosserat theory are the conditions
of integrability of the partial differential equations

0A, D

5—0—# = I";,AV+B,BA3, W = ApaAﬂ-f-Ag,As

oa, od

5% = {;’B}a,-f-b,ﬁa,, ﬁ = ).,,,a”+}.3,a3, (34)

which can be expressed in the form
Popys = B, Bgs— BysBy;,  Bup = Bigpas
Avalﬁ + waAlﬁ = Avﬁlz + BvﬁAh’
Ah!ﬁ + B;AW = A3m, + B;Avﬁ, (35)
on the undeformed surface &, and in the form
Rupys = buybps —basbpy,  buaig = bugias
lva;ﬂ +bv¢;‘3ﬂ = Avﬂ;: +bvﬂ}'3¢’
13a;ﬁ+B;j'va = "'Jﬂ;z""B;lvﬂs (36)
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on the deformed surface s. P,;; and R,4,s are the Riemann-Christoffel tensors of & and s,
respectively. The first two eqns in (35) and (36) are the well-known Gauss and Codazzi
equations. It is clear, by (24). that (35) and (36) may be expressed in another form.
Meanwhile. if applying the bimetric relations to the compatibility conditions of Cosserat
surfaces through the deformation measures (25), we can retain the form of (35) and (36)
for these conditions.

The first of eqns (36), expressed in terms of the strain measures (25), and (26), will
read, by the bimetric relation (2),

Rturp = a,i(Pﬁu'p +a).?Kj;'yvp (37)
where

K}

i — 1 A —_ -
v = 24 (a:'ﬂluv+auVI7p Apulyv a"/vw)

+4a7(ag Py + e P, ) + a7 a5, (87,82, — A7 A,). (38)
We obtained (38) from (4), by the use of (30),, (31);. (33); and the following relation:
Austor — Augtvp = Ay PTy + A Pl 39)
There results from (32), (35),, (36),, (37) and (38), by (25),, (26) and (30)-

ehe” (€018 + By, (.6 — Ble:,)] + €7 n.5mp,
+ séyaw(epéla +eups— eaélp)(e 7l + €pul; — €5 u) =0 (40)

where €™ is the Ricci skew-symmetric tensor.
By (25)1, (26), (31); and (35),, respectively (32), we transform (36), into the form

e [Myup— " (B + Nra)(€apry + €101 — Eui)] = 0. 41)
By (25),.2.4, (26), (31); and (35),, respectively (32), we transform (36); into the form
&7 [atp + & (Mg + Kep) (€onta + Exely = €ayje) + Buakisp + Nup(Asy +K3,)] = 0. “42)
Finally, (36), is, by (25),.4, (26) and (35),, transformed into the form
e [K 305+ BiKo + 3 (Ay +K,0)] = 0, (43)
where we have made use of
Kixip = K3gp— K327, 44

which results from the application of (1) in x3,,5.

Relations (40)-(43) represent compatibility conditions for the deformation of the
Cosserat surface. They have been obtained from the general integrability conditions (34),
and by the use of bimetric relations (1) and (2).

It is easy to obtain from (40)-(43) the compatibility conditions for deformation in
some special cases, like for instance, the restricted theory (Naghdi, 1972), or the case of a
flat undeformed configuration. For some special positions of the initial director these
relations are simplified.

In the restricted theory, i.e. in the theory in which the director is not admitted, the
deformation is determined only by strain measures e,; and 7,5, and we have
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D = AS’ d = a,, Azﬂ = _Bzﬁ9 A}a = 0, Kxﬂ = _r’zﬂs K3y = 0- (45)

Equations (40) and (41) retain their form, eqn (42) reduces to (41), and (43) is identically
satisfied.

If the undeformed space is flat there follows B,; = 0, so that by (40)—(43) one obtains
the corresponding compatibility conditions. Also, if one chooses D = A, one has

D, = 0, A,ﬁ = —B,ﬁ, A;, = 0. (46)

so that eqns (40)—(43) take a simpler form.

5. INFINITESIMAL DEFORMATIONS. COMPATIBILITY CONDITIONS FOR SHELLS AND
PLATES

The results of the linear theory of Cosserat surfaces provide the basis of a linear
kinematical theory of shells and plates by a direct approach. As a consequence, the com-
patibility conditions (40)—(43) for infinitesimal deformations hold for the deformations in
the linear theory of shells and plates.

Assuming the deformations infinitesimal, we have, first, for the contravariant metric
tensor of the deformed space,

a? = A" —2e*, 47
Neglecting in (40)-(43) terms of higher order, we obtain the compatibility conditions of

the Cosserat surface in the case of infinitesimal deformations, respectively the compatibility
conditions of the linear theory of shells and plates in the direct approach, of the form

£*¢% [e,55,+ Bp, (25— Bje,,)] = 0, (48)

&N — B (eapy +eoip—€pis)] = 0, (49)

et [Kvaip + Af(€ovia + ooy — €avis) + Brakisg+ Asng] = 0, (50)
e (16305 + BjKya + Auep) = 0. SH

Finally, we shall compare eqns (48)—(51) with the corresponding equations quoted in
Naghdi (1972), which represent the compatibility conditions of the linear theory of shells
and plates in the case D = A;. By (25) and (46), expressions (27) and (29) reduce to

Kag = Yajp = Dag¥3 —Nap (52)
K3z = V32 + B3Ye, (53)
whereas there results, from (48) using (52),
&6 (€151 + Bpy (Vi — Bas¥3s — Kas — Bie€,s)] = 0. (54)
1.5 being symmetric, one obtains by (52)
Yais — Kas = Vola — Ksa- (55)
Then (54) reduces to
e [€451y8 — Bp, (K50 + B€os — 512+ Basy3)] = 0. (56)

Further, (49) can be written in the equivalent form
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S Wy — Bleupy) — 8" Bieg,y) = 0. (57)
wherefrom. by (52).
e[ (Ko + Bi,gip— Puiap + By p) + 67 Bie, ] = 0. (58)
According to (52), (53) and (49), one obtains from (50)
G+ B Blo) = 0, (59)
and from (31), by (52) and (53).
e (K 3y~ Bivs4) = 0. (60)

Equations (56). (58), (59) and (60) have the same form as the corresponding relations
in Naghdi (1972). which have been obtained as the necessary and sufficient conditions for
the existence of single-valued fields of displacements and director displacements in the case
of infinitesimal deformations.
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